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Abstract 

I A new relation between p- meson mass, weak vr-meson decay con- 

' stant, quark and gluon condensates is derived from the QCD sum 

CN ■ rules. As a byproduct an explanation for the dominance of pp-decay 

^ I for the /o(1370)-meson is proposed. 
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^ 1 Introduction 

Since the invention of SVZ sum rules approach ^ the quark (qq) and gluon 
ff^ I (G^) condensates have been usually taken as independent input parameters 

O ■ characterising the QCD vacuum. For the heavy quarks, however, there is 

Q ■ relation [T] 

m}-~^iG^} + 0(,n,'). (1) 

Qh! In the sector of light quarks, which we are interested in, such a direct ex- 

^ I pansion does not exist. The only relation which we have is the low-energy 

theorem j2] 

This formula does not permit to calculate the value, say, of gluon condensate 
given the value of quark one. An attempt to relate them was undertaken 
in j3] (that analysis, however, resulted in a too big estimation for the values 
of current quark masses). In the present Letter we return to this problem 
and show that the QCD sum rules in the limit of large- iVc ||4j and in the 
leading order of perturbation theory indeed give a certain relation between 
these condensates at some assumptions about the meson spectra. 

The paper is organized as follows. Sect. 2 contains some general formulas. 
In Sect. 3 the derivation of Weinberg relation is sketched and a similar logic 
is applied to the scalar and pseudoscalar channels. Then the consequences 
of combining these results are considered. 
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2 Two-point correlators in the large- A^c limit 

In the limit of infinite number of colours the meson spectrum of QCD consists 
of infinite number of weakly interacting stable resonances. They saturate 
completely the two-point correlators of quark currents. Thus the SUf{2) 
two-point correlators of the scalar (S), pseudoscalar (P), vector (V), and 
axial-vector (A) quark currents can be represented as the following infinite 
sums in the Euclidean space 



J = S,P, V, A; Tj = I, 75r^ 7^^", 7^75^"; ^0 , ^1 = const. (4) 

Here Dq and D( represent contact terms required for the renormalization 
of infinite sums and are the standard Pauli matrices. On the other hand, 
the Operator Product Expansion (OPE) for the same correlators in the large- 
Nc and chiral limits looks as follows in the leading order of perturbation 
theory [3 IH] 

where we have defined 



K^iQ')^{-s,.+^jii^'^m- (7) 

In the above expressions A represents the momentum cut-off. For the present 
analysis we do not need the next condensate terms. 
The residues are parametrized as follows 

Zv,Ain) =2F^^^{n)ml^^{n), Zs,pin) = 2Glp{n)mlp{n), (8) 

with Fy^Ain) and Gs,p{n) being some decay constants parametrizing the 
corresponding matrix elements: 

{0\qTjq{0)\J{n)) = V2Fj{n)mj{n)e„ J = V,A, (9) 
{0\qTjq{0)\J{n)) = V2Gj{n)mj{n), J = S,P. (10) 
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In the pseudoscalar case the vr-meson pole is not subjected to parametriza- 
tion (jHj), giving the contribution 



2 {qq? 



where is the weak 7r-meson decay constant. 

Let us rewrite the scalar correlator in the following form 



n=0 



Q2 _j_ n[rfi{ji\^ 



n=0 



n=0 



Q2 + m2(n) 



'12) 



We impose the condition for the constants Do and Di that all terms at 
and constant contributions (we will not consider low-energy behavior) were 
cancelled. It is equivalent to making two subtractions in the point Q = or 
just taking two derivatives [Zj. The same renormalization procedure has to 
be performed for the pseudoscalar, vector, and axial-vector correlators. 



3 Sum rules 

Let us consider the vector and axial-vector correlators. In the difference 

n^(Q')-n^(Q') = 0(^), (is) 

both perturbative and gluon condensate contributions are cancelled. It is well 
known that if the ground states give the main contribution to difference fll3|) 
then expanding in large one arrives at the following sum rule 

F>J - Flml = 0. (14) 

Moreover, if one considers OPE for the divergence of vector and axial-vector 
currents 13] one finds another sum rule 

F; - Fl - Fl = 0, (15) 

The constant appeared here due to PCAC. S. Weinberg derived these 
some rules before the invention of large- A^c approach in his paper |8j where 
he then made use of the KSFR relation, 

= 2F2, (16) 
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and arrived at his famous formula, 



< = (17) 

In the framework of large- A/'c approach the assumption of ground states dom- 
inance in (fT^ is equivalent to the requirement that the rest of sum is dual to 
the perturbative QCD continuum. This approximation was then widely used 
in the so-called Finite Energy Sum Rules (see, e.g., review [H]). Within the 
approximation of infinite number of colours, where we have only resonances, 
it is more natural to say that this duality means 

my{n) = myi(n), n > 0. (18) 

Indeed the relation ()18|) is approximately fulfilled in the phenomenology, the 
deviations are of order of large- A''^ counting (the D-wave vector mesons are 
not taken into account since they decouple from the sum rules |i7|). 

Let us now apply the same logic to the scalar and pseudoscalar correlators. 
We will denote the ground state masses and residues as 

ms,p{0) = ms,p GsA^) = Gs,p. (19) 
The analogue of Eq. (fT^ is: 

GWs - = 0. (20) 

In this case we do not have an analogue of the KSFR relation. So we have to 
take an additional relation from some other place. Fortunately, this relation is 
provided by the sum rules without any appealing to some "external" formula. 
Namely, as follows from OPE ^ and (jH)) for the difference of renormalized 
correlators 

n-«3v|n''W)^Sf^ + o(i,), (21) 

the contribution of perturbation theory is cancelled. Formula 1)211) contains 
four relations, three of them being linearly dependent. Hence we can choose 
only one of them. We require the universality for the onset of perturba- 
tive continuum in Eq. (^1]) which means in the resonance representation the 
following generalization of relation ()18|1 

mv{n) = mA{n) = ms{n) = mp{n), n > 0. (22) 

This relation seems to be also approximately fulfilled in the phenomenology 
within the accuracy of laige-Nc approach. In addition, it is supported by 
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QCD sum rules if we neglect small corrections to the string-like linear mass 
spectrum for radial excitations [TUj . 

Let us consider the V-S case. Taking into account only ground states in 
Eq. (j25) Ei'iid following the standard procedure we obtain the sum rule 

G|m|-^F>J=^(G^). (23) 

Let us digress for a moment. In the r.h.s. of Eq. ()23j) we have the 
gluon condensate. It might seem questionable if we may use the physical 
value for this condensate since it is impossible to have this value in the 
"ground state + continuum" approximation or even in the "several states 
+ continuum" one. We should recall, however, that considering the gluon 
condensate contribution has sense only together with taking into account the 
contribution due to the perturbation theory (PT); these two contributions 
are inseparable. In case of finite number of resonances we can have the 
physical value for the gluon condensate only if the contribution of the PT is 
cancelled like in difference ()13|1 . It is just what we have in Eq. pijl in the 
leading order (LO) of PT. Thus it is quite natural to expect that the value 
of gluon condensate in Eq. (j2SI) is physical. 

With this argumentation in mind one can exclude the unknown quan- 
tity GsTTLs from Eqs. ()20|) and (j^Hj) . Taking into consideration the KSFR 
relation ()16|) one obtains the relation 

3i^>? + ^^(G^) = ^. (24) 

71" 

Substituting in Eq. the phenomenological values = 87 MeV 

(the value that it would have in the chiral limit [IT]), rup = 770 MeV, and 
^{G'^) = (360 MeV)"^ one gets (qq) ^ -(220MeVf , i.e. a more or less stan- 
dard value for the quark condensate. Thus, formula (f^^ gives a right relation 
between the four important phenomenological quantities. The result is quite 
stable against the contribution of PT which is rather large in the scalar sec- 
tor. For instance, the account of NLO of PT results in a insignificant change 
of the estimate for the value of quark condensate, (qq) ~ — (230MeV)^. 

The quantity in the r.h.s. of Eq. is numerically by order of magnitude 
less than the terms in the l.h.s. Consequently within the accuracy of large- A/'c 
approximation the following relation holds 

Glml ^ ^F>J. (25) 

This means that the amplitude of creation of the ground scalar singlet meson 
multiplied by the amplitude of annihilation of this meson is approximately 
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equal (up to a factor which supposedly has a kinematic origin) to the same 
product for the ground vector isovector meson. Since the amplitudes of 
creation and annihilation are equal this relation can be interpreted as follows: 
the process of creation and annihilation of the ground scalar meson is, in a 
sense, approximately dual to the process of creation of two ground vector 
mesons. The factor 3 in the numerator comes from the summation over the 
spin degrees of freedom and the factor 2 in the denominator seems to stem 
from the indistinguishability of two final vector particles. 

In the sum rules we deal with the mesons which are genuine quark- 
antiquark states. According to the modern phenomenology the lightest 
quark-antiquark scalar isoscalar state is /o(1370) (see, e.g., note on scalar 
mesons in [12j). This meson decays mainly into pp-pair while all other mesons 
with the same quantum numbers dominantly decay into vrTr-mesons. The du- 
ality pointed out above might be a reason for this phenomenon. 
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